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SKEW BRACES OF SIZE pq
E. ACRI AND M. BONATTO
Abstract. We construct all skew braces of size pq (where p > q are primes) by using Byott’s
classification of Hopf–Galois extensions of the same degree. For p 6≡ 1 (mod q) there exists only
one skew brace which is the trivial one. When p ≡ 1 (mod q), we have 2q + 2 skew braces, two of
which are of cyclic type (so, contained in Rump’s classification) and 2q of non-abelian type.
Introduction
In the last few decades, there was an increasing interest in studying solutions to the set-theoretical
Yang–Baxter equation (YBE). Following Drinfeld ([11]), who first stated the problem, we say that
for a given set X and a function r : X ×X → X ×X, the pair (X, r) is a set-theoretical solution to
the Yang–Baxter equation if
(1) (idX × r)(r × idX)(idX × r) = (r × idX)(idX × r)(r × idX)
holds. A particular family of solutions is the family of non-degenerate solutions, i.e. solutions
obtained as
(2) r : X ×X −→ X ×X, (x, y) 7→ (σx(y), τy(x))
where σx, τx are permutations of X for every x ∈ X. Non-degenerate solutions have been studied
by several different authors [12, 13, 16, 23].
Examples of non-degenerate involutive solutions to YBE are provided by braces, introduced by
Rump as a generalization of radical rings [19]. In [8] Cedó, Jespers and Okniński settled an equivalent
definition that was generalized later to skew (left) braces by Guarnieri and Vendramin in [15]. Skew
braces allow us to study non-involutive non-degenerate solutions.
A skew (left) brace is a triple (A,+, ◦) where (A,+) and (A, ◦) are groups (not necessarily abelian)
such that
a ◦ (b+ c) = a ◦ b− a+ a ◦ c
holds for every a, b, c ∈ A. Braces are skew braces for which the additive group is abelian and a
skew brace (A,+, ◦) is said to be a bi-skew brace if also (A, ◦,+) is a skew brace [9].
The problem of finding non-degenerate solutions of (1) can be reduced to the classification prob-
lem of skew braces. Indeed, given an involutive non-degenerate solution as in (2), the group gener-
ated by {σx : x ∈ X} has a canonical structure of brace. Bachiller, Cedó and Jespers [5] provided
a construction for all involutive non-degenerate solutions to the Yang–Baxter equation with a given
brace structure over such group. In [4], Bachiller generalizes that construction by considering a per-
mutation group related to a non-degenerate solution which in turn have a natural structure of skew
brace, [4, Theorem 3.11]. Therefore, in that work the classification of all non-degenerate solutions
is reduced to the classification of all skew braces.
There was considerably recent progress on the classification problem for (skew) braces. Braces
with cyclic additive group and braces of size p2q for p, q primes with q > p+ 1 have been classified
respectively in [20, 21] and [10]. Bachiller [2] solved the problem for braces of order p3 where p is
a prime and Nejabati Zenouz [17] completed the classification of skew braces of order p3. In [18],
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Nejabati Zenouz include the automorphism groups of the skew braces of size p3 of Heisenberg type.
In this paper we provide a solution to the following problem.
Problem. [24, Problem 2.15] Let p and q be different prime numbers. Construct all skew left braces
of size pq up to isomorphism.
Our classification is based on the algorithm for the construction of skew braces with a given addi-
tive group developed in [15]. Indeed, the algorithm allows to obtain all the skew braces with additive
group A from regular subgroups of its holomorph Hol(A) = A⋊ Aut(A). The isomorphism classes
of skew braces are parametrized by the orbits of such subgroups under the action by conjugation of
the automorphism group of A in Hol(A) [15, Section 4].
The connection between skew braces, regular subgroups and Hopf–Galois extensions was observed
by Bachiller [3, Remark 2.8]. We refer the reader to the Appendix of [22] for further details on such
connection.
A purely group theoretical approach to Hopf–Galois extension was pointed out by Byott in [6], in
order to enumerate Hopf–Galois extensions over a given group. In particular Hopf–Galois extensions
of degree pq where p > q are primes have been investigated in [7] through an explicit description of
regular subgroups.
We are using such description as the first step of the classification for skew braces of size pq. Our
main results are summarized in the following theorem.
Theorem. Let p > q be primes. If p 6≡ 1 (mod q) there is only one skew brace of size pq, the trivial
one. If p ≡ 1 (mod q), a complete list of the 2q + 2 skew braces of order pq, up to isomorphism, is
the following, where g is a fixed element of Zp of multiplicative order q:
• Additive group Zp × Zq: (
n
m
)
+
(
s
t
)
=
(
n+ s
m+ t
)
;
(i) the trivial skew brace over Zp × Zq;
(ii) the bi-skew brace (A,+, ◦) where(
n
m
)
◦
(
s
t
)
=
(
n+ gms
m+ t
)
.
• Additive group Zp ⋊g Zq:(
n
m
)
+
(
s
t
)
=
(
n+ gms
m+ t
)
;
(i) the trivial skew brace over Zp ⋊g Zq;
(ii) the skew brace (A,+, ◦) where(
n
m
)
◦
(
s
t
)
=
(
gtn+ gms
m+ t
)
;
(iii) the bi-skew braces Aγ = (A,+, ◦) for 1 < γ ≤ q where(
n
m
)
◦
(
s
t
)
=
(
n+ (gγ)m s
m+ t
)
;
(iv) the skew braces Aµ = (A,+, ◦) for 1 < µ ≤ q where(
n
m
)
◦
(
s
t
)
=
(
gtn+ (gµ)m s
m+ t
)
.
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Our result agrees with the enumeration formula for skew braces of square free size recently
presented by Byott and Alabdali, see [1, Section 7.2].
This paper is organized as follows: in Section 1 we collect some basic definitions and we present
more details about the classification strategy. In Section 2 we describe the groups of size pq and
their automorphisms. In Section 3 we deal with the classification computing the orbits of regular
subgroups in the holomorph of the relevant groups leading to the main result.
1. Preliminaries
A triple (A,+, ◦) is said to be a skew (left) brace if both (A,+) and (A, ◦) are groups and
a ◦ (b+ c) = a ◦ b− a+ a ◦ c
holds for every a, b, c ∈ A. Following the standard terminology for Hopf–Galois extensions, if χ is a
group theoretical property, we say that a skew brace (A,+, ◦) is of χ-type if (A,+) has the property
χ.
Given a skew brace (A,+, ◦), the group (A, ◦) acts on (A,+) by automorphisms. Indeed the
mapping
(3) λ : (A, ◦) → Aut(A,+), λa(b) = −a+ a ◦ b,
is a homomorphism of groups.
A bi-skew brace is a skew brace (A,+, ◦) such that (A, ◦,+) is also a skew brace (see [9]). Equiv-
alently
(4) x+ (y ◦ z) = (x+ y) ◦ x′ ◦ (x+ z)
holds for every x, y, z ∈ A, where x′ denotes the inverse of x in (A, ◦). We provide a construction of
bi-skew braces over semidirect products of groups. Note that the first part is a special case of [17,
Proposition 4.6.12]. We include the proof for completeness.
Proposition 1.1. Let A be a group, B be an abelian group and η, ρ : B −→ Aut(A) be group
homomorphisms. If [Im(ρ), Im(η)] = 1 then Gη,ρ = (G,+, ◦) where (G,+) = A⋊η B and (G, ◦) =
A⋊ρ B is a bi-skew brace with A× {0} ≤ ker(λ).
Proof. Let us denote by ρx the image of ρ and by ηx the image of η for every x ∈B. Then
(x, s) ◦ ((y, t) + (z, u)) = (x, s) ◦ (yηt(z), t + u)
= (xρs(y)ρs(ηt(z)), s + t+ u)
and
((x, s) ◦ (y, t))− (x, s) + ((x, s) ◦ (z, u)) = (xρs(y), s + t) + (η−s(x)
−1,−s) + (xρs(z), s + u)
= (xρs(y)ηt(x)
−1, t) + (xρs(z), s + u)
= (xρs(y)ηt(x)
−1ηt(x)ηt(ρs(z)), t + s+ u)
= (xρs(y)ηt(ρs(z)), t+ s+ u)
for every x, y, z ∈ A and s, t, u ∈ B. Since ηt and ρs commute then (A,+, ◦) is a skew brace. The
same argument shows that (A, ◦,+) is a skew brace as well. Moreover,
λ(x,s)(y, t) = −(x, s) + (x, s) ◦ (y, t) = (η−s(x)
−1,−s) + (xρs(y), t+ s) =
= (η−s(x)
−1η−s(x)η−s(ρs(y)), t) =
= (η−s(ρs(y)), t).(5)
for every x, y ∈ A and s, t ∈ B. Then A× {0} ≤ ker(λ). 
Proposition 1.1 applies to cyclic groups, since they have abelian automorphism groups.
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Corollary 1.2. Let A be a cyclic group and B be an abelian group, (G,+) = A⋊η B and (G, ◦) =
A⋊ρ B. Then Gη,ρ is a bi-skew brace and A× {0} ≤ ker(λ).
The holomorph of a group (A,+) is the semidirect product A⋊Aut(A) where the operation is
(a, f)(b, g) = (a+ f(b), fg),
for every a, b ∈ A and f, g ∈ Aut(A). We denote by pi1 : Hol(A) → A and pi2 : Hol(A) → Aut(A)
the canonical surjections. Note that Hol(A) acts on A by (a, f)(b) = a+f(b), for all (a, f) ∈ Hol(A)
and b ∈ A. Thus Hol(A) is a group of permutations on A.
Recall that a group of permutations N on a set X is said to be regular if, given any x, y ∈ X,
there is a unique g ∈ N such that g(x) = y.
From [15], we know that given a group (A,+) (not necessarily abelian) we have a bijective corre-
spondence between isomorphism classes of skew braces (A,+, ◦) and orbits of regular subgroups of
Hol(A,+) under conjugation by Aut(A,+) identified with the subgroup {1}×Aut(A) ≤ Hol(A,+).
If G is a regular subgroup of Hol(A,+), then it is easy to verify that the map pi1|G : G → A is a
bijection.
Theorem 1.3. [15, Theorem 4.2, Proposition 4.3] Let (A,+) be a group. If ◦ is an operation such
that (A,+, ◦) is a skew brace, then {(a, λa) : a ∈ A} is a regular subgroup of Hol(A,+). Conversely,
if G is a regular subgroup of Hol(A,+), then A is a skew brace with
a ◦ b = a+ f(b)
where (pi1|G)
−1(a) = (a, f) ∈ G and (A, ◦) ∼= G.
Moreover, isomorphism classes of skew braces over A are in bijective correspondence with the
orbits of regular subgroups of Hol(A) under the action of Aut(A) by conjugation.
An explicit description of all the regular subgroups of Hol(A) for groups of size pq, where p, q are
different primes, is given in [7]. So, we can construct all skew braces with additive group isomorphic
to A by finding representatives of the orbits of regular subgroups under the action by conjugation
of Aut(A) on Hol(A) and provide an explicit formula for the operations of such skew braces using
Theorem 1.3. Following [7], we will denote by e′(G,A,m) the number of the regular subgroups of
Hol(A) isomorphic to a given group G such that their image under pi2 has size m.
Remark 1.4. Let (A,+) be a group and G a regular subgroup of Hol(A). According to Theorem
1.3, (A,+, ◦) where
a ◦ b = a+ pi2((pi1|G)
−1(a))(b)
for every a, b ∈ A is a skew brace. In other words, λa = pi2(pi1|
−1
G (a)) and so |ker(λ)| =
|G|
|pi2(G)|
.
2. Groups of order pq and their automorphism groups
In this section we describe the groups of order pq up to isomorphism and their automorphisms,
where p > q are primes.
If p 6≡ 1 (mod q), the unique group of size pq is the cyclic one, for which we are using the following
presentation:
(6) C = 〈σ, τ |σp = τ q = 1, τσ = στ〉.
The group Aut(C) is isomorphic to Zp−1 × Zq−1 and it has the following presentation:
(7) Aut(C) = 〈φ,ψ | φp−1 = ψq−1 = 1, φψ = ψφ〉
where the morphisms φ and ψ are defined by setting
φ(σ) = σn, ψ(σ) = σ,
φ(τ) = τ, ψ(τ) = τm,
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provided that n has multiplicative order p−1 modulo p and m has multiplicative order q−1 modulo
q.
If p ≡ 1 (mod q), there exists also a unique non-abelian group, namely
(8) M = 〈σ, τ |σp = τ q = 1, τσ = σgτ〉 ∼= Zp ⋊g Zq
where g has multiplicative order q modulo p. Following the same notation as in [7], we denote by
a0 an integer satisfying
(9) (g − 1)a0 ≡ 1 (mod p).
We are using the following well-known formula with no further reference:
(10)
r−1∑
i=0
gi ≡
gr − 1
g − 1
≡ a0(g
r − 1) (mod p)
for every r ∈ N.
A description of the elements of the group Aut(M) is given by the following lemma.
Lemma 2.1. [14, Lemma 2.3] The automorphisms of M are
{ϕi,j : 1 ≤ i ≤ p− 1, 0 ≤ j ≤ p− 1}
defined by setting ϕi,j(σ) = σ
i and ϕi,j(τ) = σ
jτ .
3. Skew Braces of size pq
In this section, p > q are primes.
3.1. Trivial skew braces. A skew brace (A,+, ◦) is said to be trivial if a + b = a ◦ b for every
a, b ∈ A. For every group G there exists a unique trivial skew brace A with G = (A,+) = (A, ◦).
Therefore if p ≡ 1 (mod q), there exists two trivial skew braces of size pq. On the other hand, if
p 6≡ 1 (mod q) there exists a unique skew brace of size pq and it is trivial.
Proposition 3.1. Let p > q be primes such that p 6≡ 1 (mod q). There exists a unique skew brace
of size pq and it is trivial with (A,+) = (A, ◦) ∼= Zpq.
Proof. If p 6≡ 1 (mod q), then pq is a Burnside number, so there exists a unique skew brace of order
pq ([22, Theorem A.8]). 
3.2. Skew braces of cyclic-type. In this section we classify skew braces of cyclic type of size pq.
This case is covered by the classification given in [20, 21] and we include it here for completeness.
From now on, we consider the case p ≡ 1 (mod q).
Any non-trivial homomorphic image of a group of order pq in Aut(C) has size q, since |Aut(C)| =
(p − 1)(q − 1) and q divides p − 1. So, we only have to consider regular subgroups such that the
image under pi2 has size q. In the following we will denote by α the automorphism of C defined by
α(σ) = σg, α(τ) = τ.
Lemma 3.2. [7, Lemma 4.1] The regular subgroups of Hol(C) such that the image under pi2 has
size q are
(11) Gb = 〈σ, τ
bα〉 ∼=M,
for 1 ≤ b ≤ q − 1. In particular, e′(C,C, q) = 0 and e′(M,C, q) = q − 1.
The enumeration of skew braces with cyclic additive group follows from the enumeration of the
orbits of regular subgroups of Hol(C).
Proposition 3.3. There exists a unique non-trivial skew brace of abelian type of size pq.
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Proof. It is enough to show that all the subgroups of Hol(C) given in Lemma 3.2 are conjugate by
some element in Aut(C). Indeed,
ψjGbψ
−j = 〈ψjσψ−j , ψjτ bαψ−j〉
= 〈ψj(σ), ψj(τ)bα〉
= 〈σ, τm
jbα〉
= Gmjb.
Since m has multiplicative order q − 1 modulo q, all the subgroups Gb are conjugate. 
Theorem 3.4. The unique non-trivial skew brace of cyclic type is (A,+, ◦) where (A, ◦) ∼= Zp⋊gZq,
i.e. (
n
m
)
+
(
s
t
)
=
(
n+ s
m+ t
)
,
(
n
m
)
◦
(
s
t
)
=
(
n+ gms
m+ t
)
for every 0 ≤ n, s ≤ p− 1, 0 ≤ m, t ≤ q − 1. In particular, (A,+, ◦) is a bi-skew brace.
Proof. According to Corollary 1.2, (A,+, ◦) is a bi-skew brace with |ker(λ)| = p. By virtue of
Proposition 3.3, (A,+, ◦) is the unique skew brace with such properties. 
3.3. Skew braces of non-abelian type. In this section we also assume that p and q are primes
such that p ≡ 1 (mod q). In order to enumerate non-trivial skew braces with additive group
isomorphic to M we need to compute e′(G,M,m) for m ∈ {p, q, pq} and G = C,M .
The only subgroup of order pq in Aut(M) is the subgroup generated by
(12) α = ϕ1,1, β = ϕg,0
as defined in Lemma 2.1. Hence, for every skew brace of order pq, the image of λ lie in such
subgroup.
Lemma 3.5. [7, Lemma 5.1] The regular subgroups of Hol(M) such that the image under pi2 has
size p are
(13) Gc = 〈σ
a0α, σcτ〉 ∼= C
where 0 ≤ c ≤ p− 1. In particular, e′(M,M, p) = 0 and e′(C,M, p) = p.
Theorem 3.6. There exists a unique skew brace of size pq with additive group M and |ker(λ)| = q.
Such skew brace is (A,+, ◦) where(
n
m
)
+
(
s
t
)
=
(
n+ gms
m+ t
)
,
(
n
m
)
◦
(
s
t
)
=
(
gtn+ gms
m+ t
)
(14)
for every 0 ≤ n, s ≤ p− 1, 0 ≤ m, t ≤ q − 1.
Proof. We first show that all the groups Gc as in (13) are conjugate to G0 by an element of Aut(M).
Let 0 ≤ c ≤ p− 1 and set η = ϕ1,−c, so η
−1 = ϕ1,c. Indeed, since η centralizes σ
a0α, we have that
ηGcη
−1 = 〈η(σa0)ηαη−1, η(σcτ)〉 = 〈σa0α, τ〉 = G0.
So there exists a unique skew brace with the desired properties. It is straightforward to verify that
(A,+, ◦) as defined in (14) is a skew brace and |ker(λ)| = q. 
Lemma 3.7. [7, Lemma 5.2] The regular subgroups of Hol(M) such that the image under pi2 has
size q are
(15) Ga,b = 〈σ, τ
aαbβ〉,
where 1 ≤ a ≤ q − 1 and 0 ≤ b ≤ p− 1. In particular, e′(M,M, q) = p(q − 2) and e′(C,M, q) = p.
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Proposition 3.8. There are q − 1 skew braces with additive group M and |ker(λ)| = p.
Proof. We show that Ga,0 for 1 ≤ a ≤ q − 1 as defined in (15) form a set of representatives of the
orbits. If b 6= 0,
ϕ1,−ba0Ga,0ϕ
−1
1,−ba0
= 〈σ, (σ−ba0τ)aαbβ〉 = 〈σ, τaαbβ〉 = Ga,b,
where we multiplied the second generator by a suitable power of σ to obtain the second equality.
Also, we used the identities ϕi,jαϕ
−1
i,j = α
i and ϕi,jβϕ
−1
i,j = ϕg,(1−g)j = α
(1−g)jβ.
The subgroup generated by σ is invariant under the action by conjugation of Aut(M). So, Ga,0
and Gb,0 are conjugate if and only if
(16) ϕi,jτ
aβϕ−1i,j = ϕi,j(τ)
aϕg,(1−g)j = σ
j g
a
−1
g−1 τaϕg,(1−g)j ∈ Gb,0
for some ϕi,j ∈ Aut(M). Then τ
aϕg,(1−g)j ∈ Gb,0 since σ ∈ Gb,0 and pi2(τ
aϕg,(1−g)j) = ϕg,(1−g)j =
βk for some k ∈ N. Hence j = 0, k = 1 and so τaβ ∈ Gb,0. Given that τ
bβ ∈ Gb,0, we have
τa−b ∈ 〈σ〉 and so a = b. 
Theorem 3.9. The skew braces of size pq with additive group M and |ker(λ)| = p are Aγ = (A,+, ◦)
for 1 < γ ≤ q where(
n
m
)
+
(
s
t
)
=
(
n+ gms
m+ t
)
,
(
n
m
)
◦
(
s
t
)
=
(
n+ (gγ)m s
m+ t
)
,(17)
for every 0 ≤ n, s ≤ p− 1, 0 ≤ m, t ≤ q − 1. In particular, they are bi-skew braces.
Proof. Let G = Ga,0 for 1 ≤ a ≤ q − 1 be a regular subgroup of Hol(M) as in (15). According to
Remark 1.4, λσ = pi2(σ) = 1 and λτa = pi2(τ
aβ) = β. As a ◦ b = a+ λa(b), we have that
τa ◦ τa ◦ . . . ◦ τa︸ ︷︷ ︸
n
= τna, σ ◦ σ ◦ . . . ◦ σ︸ ︷︷ ︸
n
= σn
for every n ∈ N. Since λ : (A, ◦) −→ Aut(A,+) is a group homomomorphism, then
λσn◦τma = λσnτma = λ
n
σλ
m
τa = β
m
and therefore λσnτm = β
m
a for every 0 ≤ n ≤ p − 1 and 0 ≤ m ≤ q − 1. Denoting the operation of
M additively and using the identification σ 7→
(
1
0
)
and τ 7→
(
0
1
)
we have:
(
n
m
)
◦
(
s
t
)
=
(
n
m
)
+ β
m
a
(
s
t
)
=
(
n+ gm
a+1
a s
m+ t
)
for every 0 ≤ n, s ≤ p − 1 and 0 ≤ m, t ≤ q − 1. Since 1 ≤ a ≤ q − 1 then 1 < a+1
a
≤ q. Both the
additive and the multiplicative group of Aγ are semidirect products of cyclic groups, so according
to Corollary 1.2, they are bi-skew braces. 
Lemma 3.10. [7, Lemma 5.4] The regular subgroups of Hol(M) such that the image under pi2 has
size pq are
(18) Gc,d = 〈σ
a0α, σcτdβ〉
where either d 6= q − 1 or c = 0, provided d 6= 0. In particular, e′(M,M, pq) = p(q − 2) + 1.
Proposition 3.11. There exist q − 1 skew braces with additive group M and ker(λ) = 0.
Proof. We show that the groups G0,d with 1 ≤ d ≤ q − 1 as defined in (18) are the representatives
of the orbits of regular groups such that the image under pi2 has size pq.
First, we conjugate any G0,d by an arbitrary ϕi,j :
7
ϕi,jG0,dϕ
−1
i,j = 〈ϕi,j(σ
a0)αi, ϕi,j(τ
d)ϕg,(1−g)j〉
= 〈(σa0α)i, (σjτ)dϕg,(1−g)j〉
= 〈σa0α, σj
gd−1
g−1 τdϕg,(1−g)j〉.
Multiplying by (σa0α)(g−1)j the second generator, we get
〈σa0α, σ
j
gd+1−1
g−1 τdβ〉 = G
j
gd+1−1
g−1
,d
.
Now, since g
d+1−1
g−1 ≡ 0 (mod p) if and only if d = q − 1, we have that the orbit of G0,q−1 has only
one element and that the orbit of G0,d with d 6= q − 1 has p elements as j
gd+1−1
g−1 runs from 0 to p.

Theorem 3.12. The skew braces of size pq with additive group M and ker(λ) = 0 are Aµ = (A,+, ◦)
for 1 < µ ≤ q where(
n
m
)
+
(
s
t
)
=
(
n+ gms
m+ t
)
,
(
n
m
)
◦
(
s
t
)
=
(
gtn+ (gµ)m s
m+ t
)
(19)
for every 0 ≤ n, s ≤ p− 1, 0 ≤ m, t ≤ q − 1.
Proof. Let G0,d be a regular subgroup of Hol(M) as in (18). By virtue of Remark 1.4 we have
λpi1(x) = pi2(x) for every x ∈ G0,d. In particular,
λσa0 = α, λτd = β.
Since a ◦ b = a+ λa(b), it is easy to check that
τd ◦ τd ◦ . . . ◦ τd︸ ︷︷ ︸
n
= τnd, σa0 ◦ σa0 ◦ . . . ◦ σa0︸ ︷︷ ︸
n
= σna0
for every n ∈ N. Using that λ : (A, ◦) −→ Aut(A,+) is a group homomorphism, then λσ = α
g−1
and λτ = β
d−1 . On the other hand,
σn ◦ τm = σnαn(g−1)(τm)
= σn+(g
m−1)nτm
= σg
mnτm
and therefore
λσnτm = λσng−m◦τm = λσng−mλτm = α
(g−1)ng−mβmd
−1
for every 0 ≤ n ≤ p − 1, 0 ≤ m ≤ q − 1. Denoting the operation of M additively and using the
identification σ 7→
(
1
0
)
and τ 7→
(
0
1
)
we have
(
n
m
)
+
(
s
t
)
=
(
n+ gms
m+ t
)
,
(
n
m
)
◦
(
s
t
)
=
(
gtn+ gm
d+1
d s
m+ t
)
(20)
for every 0 ≤ n, s ≤ p − 1, 0 ≤ m, t ≤ q − 1. Since 1 ≤ d ≤ q − 1 then 1 < µ = d+1
d
≤ q and so we
have formula (19) for the ◦ operation. 
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